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Abstract 
This study is devoted to numerical analysis of the geometrically and physically nonlinear problem of three-point bending test of 
laminated fiber-reinforced composite samples with rectangular cross-section. The problem is formulated by using relationships 
based on describing the displacement vector for an arbitrary point on the beam (Timoshenko model). For numerical solution of 
the problem, the finite sums method is used. In accordance with this method, the initial equations are reduced to integro-algebraic 
equations, which are then approximated by a collocation method using Gauss nodes. Implemented numerical enables a very 
accurate description of solution having large gradients change at very short sections. Buckling of the beam under transverse load 
has been studied by altering the loading parameter. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICIE 2016. 
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1. Introduction 
In recent years, new construction materials have been frequently used in the aerospace industry, allowing to come 
up with the designs for various applications with highly demanding characteristics. Among other composite 
materials occupy a special place. With its high specific strength and stiffness, composites also allow to design 
structures with the required mechanical properties depending on the purpose of their design and operation conditions 
(see., e.g., [1–5]). In this paper as an advancement of the research described in the paper [6], we consider the 
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geometrically and physically nonlinear problem of three-point bending test of short and elongated test samples made 
of laminated fiber-reinforced composites, which have rectangular cross-sections. Such tests are regulated by current 
composites testing standards. They are carried out to determine the strength ultimate and the first kind flexural 
modulus by bending test of long specimens and transverse shear modulus and the shear strength ultimate by bending 
test of short specimens. The results of these tests for carbon fiber made of carbon HSE 180 REM straight fiber 
impregnated CFRP tapes, are given in [7]. Their analysis shows that dependences 11 11 1( )V V H  and 33 33 3( )V V H  
of the longitudinal 11V  and transverse 33V  normal stresses acting on the beam due to the axial strains 1H  and 3H  in 
the corresponding directions for the test material are substantially linear, while the dependence 13 13 13( )V V K  of 
shear stresses 13V  in the transverse direction from the transverse shear deformation 13K , defined also from 
experiments, is a strongly nonlinear [8]. Based on the results obtained experimentally in [7] for the described 
problem a mathematical model has been constructed. It will be shown that the failure of these composites in three-
point bending tests is due to the implementation of almost non-classical shear buckling of test sample under 
transverse bending. 
2.  Problem statement.  
In connection with the above the physically and geometrically nonlinear problem associated with the three-point 
bending test on the laminated fiber composites with a rectangular cross-section is considered (see Figure 1). In the 
considered loading and supporting of the sample, as the experiments show, for long samples, in their planar 
transverse bending test, between the applied force P  and the deflection of the sample the linear dependence is 
maintained almost until the onset of the failure, and this dependence is non-linear for short samples. 
 
 
Fig. 1. The laminated fiber composites with a rectangular cross-section 
The problem is formulated by the relationships based on a description the displacement vector U  of an arbitrary 
point of the beam according to Timoshenko model [9–11] 
1 2 1 2U e e ( ) e ( ) e , / 2 / 2,U W u z w z H z H\ I       d d   (1) 
where u and w are the displacements of the center line points in the direction of the of the axes x, z; \  is the cross- 
angle of rotation of the cross-section constx   around the axis y; I  is the cross compression function in the axial 
direction of the axis z. The representation (1) and the relations of [10, 12, 13] correspond to the components of the 
deformation recorded in the approximation 
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The stresses acting on the edges constx   in the deformed state of the sample, are denoted as 11V , 33V , 13V . Let's 
introduce the forces and moments reduced to the median plane 0z   calculated by formulas 
/2 /2 /2 /2 /2
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then, using equations (2) and taking into account the formulas (3) for the variation of strain energy for the concerned 
body we obtain the relationship 
* * * * * *
, , , ,
0
( ) ,
L
x x z x y x x z x z zQ u Q w M S N T dxG3 G G G\ GI G\ GI     ³   (4) 
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The variation of the external forces work on the possible displacements ( / 2)w HG Ir  will be equal 
3 3
0
( ) .
L
A X w t dxG G GI ³    (6) 
After substituting expressions (4), (6) in the variational equation 0AG 3 G  and standard transformations, we 
obtain following system of four geometrically nonlinear differential equilibrium equations:  
*
, 0x xQ  ,
*
, 3 0,z xQ X  
* *
, 0y x zM N  ,
* *
, 3 0x z x zS T t   .  (7) 
In accordance with the established in the paper [8] physical dependence 13 13 13( )GV K K  physically nonlinear in (3) 
are the relations for the efforts zQ  and x zS . As a result, for the analytical representation of the function 13( )G G K  
it is permissible to use the approximate formula (1) (2) 20 13 13 ,G G G GK K    where 
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By definition 13 13/G V K w w , therefore, within the framework of quadratic approximation the dependency between 
tangential stress 13V  and shear strain 13K  will have the form 
(1) 2 (2) 3
13 0 13 13 13/ 2 / 3G G GV K K K   . In accordance 
with this physically nonlinear dependence and relation (2), (3) we obtain the dependences  
(1) 2 2 2 (2) 3 2 2
1 1 31 3 0 13 13 13 13 13 13
* * 3 (1) (2) 2 2 2
1 1 3 3 1 1 0 13 13 13 13 13 13
2
3 3 13 1 1 1 1 1
( ), [ ( æ /12) / 2 ( æ / 4) / 2],
, , æ , [ æ æ æ ( 2 æ /15)] /12,
( ), æ , / 2.
x z
y x z
z y
Q B Q BH G G H G H
B BHE B BHE M D S BH G G G H
T B M D D B H
H Q H J J J J
J J
H Q H
      
      
    
  (9) 
Further we assume that in the cross-section / 2x L  the symmetry conditions are formulated and the distributed 
load 3X  is replaced by concentrated. Therefore, the boundary conditions are formulated as follows: (0) 0w  , 
* (0) 0xQ  , 
* (0) 0yM  , 
* (0) 0x zS  , ( / 2) 0u L  , ( / 2) 0L\  , 
* ( / 2) / 2zQ L P , 
* ( / 2) 0x zS L  . 
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3. Numerical method 
For the numerical solution of the formulated problem, the finite sums method is used. In accordance with this 
method, the initial equations are reduced to the integro-algebraic equations and their approximation by the method 
collocation with the Gauss nodes is performed and on the interval [0, / 2]L  (the domain of the unknown vector 
function { ( )}ndU x ) the non-uniform grid 1{ : 0 / 2}h i nx x x LZ  d   d"  is introduced. Implemented numerical 
method allows very accurately describe solutions, having large gradients change at very short sections. For example, 
to describe the unknown vector function { ( )}ndU x ) at above mentioned interval a significant condensation of the 
grid is carried out: the interval 0 0.9( / 2)x Ld d  was divided into 100 cross sections of, while the interval 
0.9( / 2) ( / 2)L x Ld d  was divided into 200 cross sections. To resolution of geometric nonlinearity the proposed in 
[14–23] the following dual-layer iterative process by lowering a nonlinearity to the previous layer is used 
( ) ( 1) ( ) ( ) ( ) ( ) (0)
1 1 2( ) / ( ) ,
k k k k k kA dU dU A A dU F dUW      is given initial approximation,  (10) 
where ( )1
kA  is the linear operator, ( )2
kA  is the nonlinear operator, 0W !  is an iterative parameter. The nonlinear 
dependence of the shear modulus G  from the value of the shear deformation 13J , obtained of experimental 
numerical method in [8] entails dependence on operators ( )1
kA , ( )2
kA  from ( )kdU . 
4. Results of the numerical simulation. . 
Software implementation in the MatLAB environment of the developed numerical method for solving the 
formulated problem enabled by the altering the loading parameter to investigate the stability of equilibrium of the 
beam. Iterative parameter was selected empirically. The initial approach (0)dU  was set to zero. The calculations 
according to (10) were carried out as long as the residual norm ( ) ( ) ( )1 2|| ( ) ||
k k kF A A dU   remained more than a 
given accuracy 85 10H   . In the numerical solving the problem for the short (L=50 mm) and length (L=130 mm) 
of the samples were given the elastic characteristics of the material 1 131E  GPa, 3 5.9E  GPa, 13 0.29Q  , defined 
from experiments in tension and compression. Figure 2 shows the dependence of the acting load P of the deflection 
at the center point of the rod. It is established that when the load value is equal 5.6 kN, and the achievement of shear 
modulus values 13 450G  MPa the iterative process ceases to converge. These values are consistent with a high 
degree of accuracy with the results of experimental investigations [7] and the with the solution of the problem in the 
linearized statement. For purposes of illustration in Figure 3 the dependence of the shear deformation of the length 
of test sample is shown at the time of buckling. These results confirm the formulated in [6] conclusion that the 
failure of the considered composites in their three-point bending tests is due to the implementation of almost non-
classical shear buckling under transverse bending. 
 
 
Figure 2. Dependence of the acting load P of the deflection at the center point of the beam 
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Instead of the above statement of the problem a different setting is possible, in which according to Figure 4, the 
concentrated load, part of the boundary condition 
*( / 2) / 2zQ L P  is replaced by a distributed load 3X . The 
adopted degree of accuracy of description of displacements, strains and stresses fields formed during sample 
loading, the load acting on it will be regarded as given in the form 3 0( ) cos( ( / 2) / )X x B p x L cS
    , 
( / 2 / 2) ( / 2 / 2)L c x L c d d  , with the following boundary conditions (0) ( ) 0w w L  , 
* *(0) ( ) 0y yM M L  , 
* *(0) ( ) 0x xQ Q L  , 
* *(0) ( ) 0x z x zS S L  . Solving the formulated boundary value problem by the described above 
method was carried out, only a partition of grid was carried out in three sections, where a total number of nodes is 
equal to 1000. In this formulation of the problem the solution in the boundary layers is subject to less oscillations 
and functions appear to be smoother. For illustration purposes in Figures 5, 6 graphics of some of the desired 
functions are shown that reflect the behavior of the plate at the moment of buckling. 
 
 
Figure 3. Shear deformation 
 
Figure 4. The concentrated load. 
The stated problem has the form of the second boundary value problem, called the Neumann problem with 
boundary conditions of the second kind. Therefore, a following necessary conditions for the solvability are assumed 
to be satisfied  
0
0
L
u dx  ³ ,
0
0
L
dx\  ³ , or ( / 2) 0u L  , ( / 2) 0L\  ,  (11) 
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Figure 5. (a) Shear deformation (for load balancing); (b) The deflections. 
 
Figure 6. (a) The angle of rotation; (b) Compression. 
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